CHAPTER 1

Introduction

CoONSIDER sorting a set S of n numbers into ascending order. If we could find
a member y of S such that half the members of S are smaller than y, then we
could use the following scheme. We partition S \ {y} into two sets S; and S,,
where S; consists of those elements of S that are smaller than y, and S, has the
remaining elements. We recursively sort S; and S,, then output the elements of
Sy in ascending order, followed by y, and then the elements of S, in ascending
order. In particular, if we could find y in cn steps for some constant ¢, we could
partition S \ {y} into S; and S; in n — 1 additional steps by comparing each
element of S with y; thus, the total number of steps in our sorting procedure
would be given by the recurrence

T(n) <2T(n/2)+ (c + )n, (1.1)

where T(k) represents the time taken by this method to sort k numbers on the
worst-case input. This recurrence has the solution T(n) < ¢'nlogn for a constant
¢/, as can be verified by direct substitution.

The difficulty with the above scheme in practice is in finding the element y
that splits S\ {y} into two sets S; and S, of the same size. Examining (1.1), we
notice that the running time of O(nlogn) can be obtained even if S; and S, are
approximately the same size — say, if y were to split S \ {y} such that neither S,
nor S, contained more than 3n/4 elements. This gives us hope, because we know
that every input S contains at least n/2 candidate splitters y with this property.
How do we quickly find one?

One simple answer is to choose an element of S at random. This does not
always ensure a splitter giving a roughly even split. However, it is reasonable to
hope that in the recursive algorithm we will be lucky fairly often. The result is
an algorithm we call RandQS, for Randomized Quicksort.

Algorithm RandQS is an example of a randomized algorithm — an algorithm
that makes random choices during execution (in this case, in Step 1). Let us
assume for the moment that this random choice can be made in unit time; we
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will say more about this in the Notes section. What can we prove about the
running time of RandQS?

Algorithm RandQS:

Input: A set of numbers S.

Output: The elements of S sorted in increasing order.

1. Choose an element y uniformly at random from S: every element in S has
equal probability of being chosen.

2. By comparing each element of S with y, determine the set S; of elements
smaller than y and the set S, of elements larger than y.

3. Recursively sort 8; and S,. Output the sorted version of Sy, followed by vy,
and then the sorted version of S,.

As is usual for sorting algorithms, we measure the running time of RandQS
in terms of the number of comparisons it performs since this is the dominant
cost in any reasonable implementation. In particular, our goal is to analyze the
expected number of comparisons in an execution of RandQS. Note that all the
comparisons are performed in Step 2, in which we compare a randomly chosen
partitioning element to the remaining elements. For 1 <i < n, let S;; denote the
element of rank i (the ith smallest element) in the set S. Thus, S;;) denotes the
smallest element of S, and S, the largest. Define the random variable X;; to
assume the value 1 if Sy and S(;) are compared in an execution, and the value 0
otherwise. Thus, X;; is a count of comparisons between S and S;;, and so the
total number of comparisons is > ., 3°;.; Xi;. We are interested in the expected
number of comparisons, which is cleatly

n n
ED > X1=> > E[X;] (12)
i=1 j>i i=1 j>i
This equation uses an important property of expectations called linearity of
expectation; we will return to this in Section 1.3.
Let p;; denote the probability that S; and S(; are compared in an execution.
Since X;; only assumes the values 0 and 1,

E[X;;] =pij x 1+ (1 —pij) x 0= p;;. (13)

To facilitate the determination of p;;, we view the execution of RandQS as a
binary tree T, each node of which is labeled with a distinct element of S. The
root of the tree is labeled with the element y chosen in Step 1, the left sub-tree
of y contains the elements in S; and the right sub-tree of y contains the elements
in S;. The structures of the two sub-trees are determined recursively by the
executions of RandQS on S; and S,. The root y is compared to the elements in
the two sub-trees, but no comparison is performed between an element of the
left sub-tree and an element of the right sub-tree. Thus, there is a comparison

4



INTRODUCTION

between S and S(; if and only if one of these elements is an ancestor of the
other.

The in-order traversal of T will visit the elements of S in a sorted order,
and this is precisely what the algorithm outputs; in fact, T is a (random)
binary search tree (we will encounter this again in Section 8.2). However, for
the analysis we are interested in the level-order traversal of the nodes. This
is the permutation n obtained by visiting the nodes of T in increasing order
of the level numbers, and in a left-to-right order within each level; recall that
the ith level of the tree is the set of all nodes at distance exactly i from the
root.

To compute p;;, we make two observations. Both observations are deceptively
simple, and yet powerful enough to facilitate the analysis of a number of more
complicated algorithms in later chapters (for example, in Chapters 8 and 9).

1. There is a comparison between Sg;) and S if and only if S or S(; occurs earlier
in the permutation 7 than any element Sy such that i </ < j. To see this, let
Sk be the earliest in © from among all elements of rank between i and j. If
k & {i,j}, then S will belong to the left sub-tree of Sy while S;;) will belong
to the right sub-tree of Sy), implying that there is no comparison between S
and S(;. Conversely, when k € {i, j}, there is an ancestor—descendant relationship
between S;; and S(;, implying that the two elements are compared by RandQS.

2. Any of the elements Sg),S(it1),...,S() is equally likely to be the first of these
elements to be chosen as a partitioning element, and hence to appear first in
n. Thus, the probability that this first element is either S or S is exactly
2/(j—i+1).

We have thus established that p; = 2/(j — i+ 1). By (1.2) and (1.3), the
expected number of comparisons is given by

i=1 j>i i=1 j>i

™
]

h h 1
< 2}:2?

It follows that the expected number of comparisons is bounded above by 2nH,,
where H, is the nth Harmonic number, defined by H, = > ;_, 1/k.

Theorem 1.1: The expected number of comparisons in an execution of RandQS is
at most 2nH,,.

From Proposition B.4 (Appendix B), we have that H, ~ Inn+ ©(1), so that
the expected running time of RandQS is O(nlogn).
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Exercise 1.1: Consider the (random) permutation 7 of S induced by the level-order
traversal of the tree T corresponding to an execution of RandQS. Is 7 uniformly
distributed over the space of all permutations of the elements Sy, . ., §i»?

It is worth examining carefully what we have just established about RandQS.
The expected running time holds for every input. It is an expectation that
depends only on the random choices made by the algorithm, and not on any
assumptions about the distribution of the input. The behavior of a randomized
algorithm can vary even on a single input, from one execution to another. The
running time becomes a random variable, and the running-time analysis involves
understanding the distribution of this random variable.

We will prove bounds on the performances of randomized algorithms that rely
solely on their random choices and not on any assumptions about the inputs.
It is important to distinguish this from the probabilistic analysis of an algorithm,
in which one assumes a distribution on the inputs and analyzes an algorithm
that may itself be deterministic. In this book we will generally not deal with
such probabilistic analysis, except occasionally when illustrating a technique for
analyzing randomized algorithms.

Note also that we have proved a bound on the expected running time of the
algorithm. In many cases (including RandQS, see Problem 4.14), we can prove
an even stronger statement: that with very high probability the running time of
the algorithm is not much more than its expectation. Thus, on almost every
execution, independent of the input, the algorithm is shown to be fast.

The randomization involved in our RandQS algorithm occurs only in Step
1, where a random element is chosen from a set. We define a randomized
algorithm as an algorithm that is allowed access to a source of independent,
unbiased, random bits; it is then permitted to use these random bits to influence
its computation. It is easy to sample a random element from a set S by choosing
O(log|S|) 1andom bits and then using these bits to index an element in the
set. However, some distributions cannot be sampled using only random bits.
For example, consider an algorithm that picks a random real number from
some interval. This requires infinitely many random bits. While we will usually
not worry about the conversion of random bits to the desired distribution, the
reader should keep in mind that random bits are a resource whose use involves
a non-trivial cost. Moreover, there is sometimes a non-trivial computational
overhead associated with sampling from a seemingly well-behaved distribution.
For example, consider the problem of using a source of unbiased random bits
to sample uniformly from a set S whose cardinality is not a power of 2 (see
Problem 1.2).

There are two principal advantages to randomized algorithms. The first is
performance ~ for many problems, randomized algorithms run faster than the
best known deterministic algorithms. Second, many randomized algorithms are
simpler to describe and implement than deterministic algorithms of comparable
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performance. The randomized sorting algorithm described above is an exam-
ple. This book presents many other randomized algorithms that enjoy these
advantages.

In the next few sections, we will illustrate some basic ideas from probability
theory using simple applications to randomized algorithms. The reader wishing
to review some of the background material on the analysis of algorithms or on
elementary probability theory is referred to the Appendices.

1.1. A Min-Cut Algorithm

Two events £ and &, are said to be independent if the probability that they
both occur is given by

Pri&i N &) =Pri€q] x Pr[&s] (1.4)

(see Appendix C). In the more general case where £; and £, are not necessarily
independent,

Pl‘[gl 052] = Pl‘[(‘:l | 52] X Pr[c‘:z] = Pl‘[gg | 51] X Pl‘[gl], (15)

where Pr[€; | £;] denotes the conditional probability of £; given £,. Sometimes,
when a collection of events is not independent, a convenient method for com-
puting the probability of their intersection is to use the following generalization
of (1.5).

Prin &1 =Prl&1] x Pr[€2 | £1] x Pr[€3 | E:NE) - Pr[& | NSlEL (1.6)

Consider a graph-theoretic example. Let G be a connected, undirected multi-
graph with n vertices. A multigraph may contain multiple edges between any pair
of vertices. A cut in G is a set of edges whose removal results in G being broken
into two or more components. A min-cut is a cut of minimum cardinality. We
now study a simple algorithm for finding a min-cut of a graph.

We repeat the following step: pick an edge uniformly at random and merge
the two vertices at its end-points (Figure 1.1). If as a result there are several
edges between some pairs of (newly formed) vertices, retain them all. Edges
between vertices that are merged are removed, so that there are never any
self-loops. We refer to this process of merging the two end-points of an edge
into a single vertex as the contraction of that edge. With each contraction, the
number of vertices of G decreases by one. The crucial observation is that an
edge contraction does not reduce the min-cut size in G. This is because every
cut in the graph at any intermediate stage is a cut in the original graph. The
algorithm continues the contraction process until only two vertices remain; at
this point, the set of edges between these two vertices is a cut in G and is output
as a candidate min-cut.

Does this algorithm always find a min-cut? Let us analyze its behavior after
first reviewing some elementary definitions from graph theory.
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1,2

2 3

Figure 1.1: A step in the min-cut algorithm; the effect of contracting edge ¢ = (1,2) is
shown,

» Definition 1.1: For any vertex v in a multigraph G, the neighborhood of v,
denoted I'(v), is the set of vertices of G that are adjacent to v. The degree of v,
denoted d(v), is the number of edges incident on v. For a set S of vertices of G,
the neighborhood of S, denoted I'(S), is the union of the neighborhoods of the
constituent vertices.

Note that d(v) is the same as the cardinality of I'(v) when there are no self-loops
or multiple edges between v and any of its neighbors.

Let k be the min-cut size. We fix our attention on a particular min-cut C with
k edges. Clearly G has at least kn/2 edges; otherwise there would be a vertex of
degree less than k, and its incident edges would be a min-cut of size less than k.
We will bound from below the probability that no edge of C is ever contracted
during an execution of the algorithm, so that the edges surviving till the end are
exactly the edges in C.

Let &; denote the event of not picking an edge of C at the ith step, for
1 < i < n—2. The probability that the edge randomly chosen in the first step is in
C is at most k/(nk/2) = 2/n, so that Pr[£;] > 1 —2/n. Assuming that £; occurs,
during the second step there are at least k(n — 1)/2 edges, so the probability of
picking an edge in C is at most 2/(n — 1), so that Pr[&, | &1 > 1 —2/(n— 1).
At the ith step, the number of remaining vertices is n — i + 1. The size of the
min-cut is still at least k, so the graph has at least k(n—i+ 1)/2 edges remaining
at this step. Thus, Pr[&; | 09;115 il =1—2/(n—i+ 1). What is the probability
that no edge of C is ever picked in the process? We invoke (1.6) to obtain

Prn=2&] > ﬁ (1 2 ) 2
i=1¢<¢i]l = - . = .
P n—i+1 nn—1)

The probability of discovering a particular min-cut (which may in fact be
the unique min-cut in G) is larger than 2/n?. Thus our algorithm may err
in declaring the cut it outputs to be a min-cut. Suppose we were to repeat
the above algorithm n?/2 times, making independent random choices each
time. By (1.4), the probability that a min-cut is not found in any of the n?/2
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attempts is at most

n?/2
(1 — -nz—2> <1/e.

By this process of repetition, we have managed to reduce the probability of fail-
ure from 1—2/n” to a more respectable 1/e. Further executions of the algorithm
will make the failure probability arbitrarily small — the only consideration being
that repetitions increase the running time.

Note the extreme simplicity of the randomized algorithm we have just stud-
ied. In contrast, most deterministic algorithms for this problem are based on
network flows and are considerably more complicated. In Section 10.2 we will
return to the min-cut problem and fill in some implementation details that
have been glossed over in the above presentation; in fact, it will be shown
that a variant of this algorithm has an expected running time that is signifi-
cantly smaller than that of the best known algorithms based on network flow.

Exercise 1.2: Suppose that at each step of our min-cut algorithm, instead of choosing
a random edge for contraction we choose two vertices at random and coalesce them
into a single vertex. Show that there are inputs on which the probability that this
modified algorithm finds a min-cut is exponentially smalli.

1.2. Las Vegas and Monte Carlo

The randomized sorting algorithm and the min-cut algorithm exemplify two
different types of randomized algorithms. The sorting algorithm always gives
the correct solution. The only variation from one run to another is its running
time, whose distribution we study. We call such an algorithm a Las Vegas
algorithm.

In contrast, the min-cut algorithm may sometimes produce a solution that is
incorrect. However, we are able to bound the probability of such an incorrect
solution. We call such an algorithm a Monte Carlo algorithm. In Section 1.1 we
observed a useful property of a Monte Carlo algorithm: if the algorithm is run
repeatedly with independent random choices each time, the failure probability
can be made arbitrarily small, at the expense of running time. Later, we will see
examples of algorithms in which both the running time and the quality of the
solution are random variables; sometimes these are also referred to as Monte
Carlo algorithms. For decision problems (problems for which the answer to an
instance is YES or No), there are two kinds of Monte Carlo algorithms: those
with one-sided error, and those with two-sided error. A Monte Carlo algorithm is
said to have two-sided error if there is a non-zero probability that it errs when it
outputs either YES or No. It is said to have one-sided error if the probability that
it e1rs is zero for at £east one of the possible outputs (YES/NO) that it produces.
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We will see examples of all three types of algorithms — Las Vegas, Monte Carlo
with one-sided error, and Monte Carlo with two-sided error — in this book.

Which is better, Monte Carlo or Las Vegas? The answer depends on the
application — in some applications an incorrect solution may be catastrophic.
A Las Vegas algorithm is by definition a Monte Carlo algorithm with error
probability 0. The following exercise gives us a way of deriving a Las Vegas
algorithm from a Monte Carlo algorithm. Note that the efficiency of the
derivation procedure depends on the time taken to verify the correctness of a
solution to the problem.

Exercise 1.3: Consider a Monte Carlo algorithm A for a problem I1 whose expected
running time is at most T(n) on any instance of size n and that produces a correct
solution with probability y(n). Suppose further that given a solution to I1, we can verify
its correctness in time t(n). Show how to obtain a Las Vegas algorithm that always
gives a correct answer to 1 and runs in expected time at most (T (n) + t(n)}/y(n).

In attempting Exercise 1.3 the reader will have to use a simple property of the
geometric random variable (Appendix C). Consider a biased coin that, on a toss,
has probability p of coming up HEADS and 1 — p of coming up TaiLs. What is
the expected number of (independent) tosses up to and including the first head?
The number of such tosses is a random variable that is said to be geometrically
distributed. The expectation of this random variable is 1/p. This fact will prove
useful in numerous applications.

Exercise 1.4: Let 0 < e, < € < 1. Consider a Monte Carlo algorithm that gives the
correct solution to a problem with probability at least 1 — ey, regardiess of the input.
How many independent executions of this algorithm suffice to raise the probability
of obtaining a correct solution to at least 1 — &,, regardless of the input? é;"\ v £,

We say that a Las Vegas algorithm is an efficient Las Vegas algorithm if on
any input its expected running time is bounded by a polynomial function of the
input size. Similarly, we say that a Monte Carlo algorithm is an efficient Monte
Carlo algorithm if on any input its worst-case running time is bounded by a
polynomial function of the input size.

1.3. Binary Planar Partitions

We now illustrate another very useful and basic tool from probability theory:
linearity of expectation. For random variables X1, X>,...,

E[}_Xi]=) E[X] (17)
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CHAPTER 3

Moments and Deviations

#

IN Chapters 1 and 2, we bounded the expected running times of several ran-
domized algorithms. While the expectation of a random variable (such as a
running time) may be small, it may frequently assume values that are far higher.
In analyzing the performance of a randomized algorithm, we often like to show
that the behavior of the algorithm is good almost all the time. For example, it is
more desirable to show that the running time is small with high probability, not
just that it has a small expectation. In this chapter we will begin the study of
general methods for proving statements of this type. We will begin by examining
a family of stochastic processes that is fundamental to the analysis of many
randomized algorithms: these are called occupancy problems. This motivates
the study (in this chapter and the next) of general bounds on the probability
that a random variable deviates far from its expectation, enabling us to avoid
such custom-made analyses. The probability that a random variable deviates
by a given amount from its expectation is referred to as a tail probability for
that deviation. Readers wishing to review basic material on probability and
distributions may consult Appendix C.

3.1. Occupancy Problems

We begin with an example of an occupancy problem. In such problems we
envision each of m indistinguishable objects (“balls”) being randomly assigned
to one of n distinct classes (“bins”). In other words, each ball is placed in
a bin chosen independently and uniformly at random. We are interested in
questions such as: what is the maximum number of balls in any bin? what is the
expected number of bins with k balls in them? Such problems are at the core
of the analyses of many randomized algorithms ranging from data structures
to routing in parallel computers. Later, in Section 3.6, we will encounter a
variant of the occupancy problem, known as the coupon collector’s problem; in
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Chapter 4, we will apply sophisticated techniques to various random variables
arising in occupancy problems.

Our discussion of the occupancy problem will illustrate a recurrent tool in the
analysis of randomized algorithms: that the probability of the union of events is
no more than the sum of their probabilities. This is a special case of the Boole-
Bonferroni Inequalities (Proposition C.2) and can be formally stated as follows:
for arbitrary events &, &,, ..., &€,, not necessarily independent,

PrlU &) < ipr[gi]u

i=1

This principle is extremely useful because it assumes nothing about the de-
pendencies between the events. Thus, it enables us to analyze phenomena
involving events with very complicated interactions, without having to unravel
the interactions.

Consider first the case m = n. For 1 < i < n, let X; be the number of balls
in the ith bin. Following Example 1.1, we have E[X;] = 1 for all i. Yet we do
not expect that during a typical experiment every bin receives exactly one ball.
Rather, we expect some bins to have no balls at all, and others to have many
more than one.

Let us try now to make a statement of the form “with very high probability,
no bin receives more than k balls,” for a suitably chosen k. Let £;(k) denote the
event that bin j has k or more balls in it. We concentrate on analyzing &; (k).
The probability that bin 1 receives exactly i balls is

OE =06 =06 -6

The second inequality results from an upper bound for binomial coefficients
(Proposition B.2). Thus,

Pri& (k)] < Z (?) < (g)k (1 + % + (g)z + ) : (3.1)

i=k

Let k* = [(3lnn)/ Inlnn]. Then,

. ek 1 -2
Pri&,(k*)] < (k—) o <7
The same computation tells us that this upper bound applies to Pr[&;(k*)] for
all i, but can we say that no bin is likely to have more than k* balls in it? For
this we invoke the principle mentioned at the beginning of this section: the
probability of the union of the events &;(k*) is no more than their sum. We
obtain that

S |

Pr{UL Eik)] < Y Pr[&ik")] <

i=1
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Thus we have established:

Theorem 3.1: With probability at least 1 — 1/n, no bin has more than k™ =
(elnn)/Inlnn balls in it.

Interestingly, when m is of the order of nlogn, the bin with the most balls
has about the same number of balls as the expected number of balls in any bin.
This phenomenon is exploited in a number of randomized algorithms (see, for
instance, Section 4.2).

Exercise 3.1: For m = nlogn, show that with probability 1 — o(1) every bin contains
O(log n) balls.

We turn to a classic combinatorial problem. Suppose that m balls are
randomly assigned to n bins. We study the probability of the event that they
all land in distinct bins. The special case n = 365 is popular in mathematical
lore as the birthday problem. The interpretation is that the 365 days of the
year correspond to 365 bins, and the birthday of each of m people is chosen
independently and uniformly from all 365 days (ignoring leap years). How large
must m be before two people in the group are likely to share their birthdays?

Consider the assignment of the balls to the bins as a sequential process: we
throw the first ball into a random bin, then the second ball, and so on. For
2 <i<m,let & denote the event that the ith ball lands in a bin not containing
any of the first i — 1 balls. We will bound Pr[N},&;] from above. From (1.6), we
can write

Pr[N,E] = Pr[E]Pr[E; | E2]Pr[Eq | E2NES] - Pr[E, | NISIE]
Now, it is easy to compute Pr[&; | ﬁ};lzé' j]: this is simply the probability that
the ith ball lands in an empty bin given that the first i — 1 all fell into distinct
bins, and is thus 1 — (i — 1)/n. Making use of the fact that 1 — x < e™*, we have

m - m
-1 )
Pr[, 6l < H ( [ ) < H o/ — gmmim—1)/2n.

n
=2 i=2

Thus, we see that for m equal to [/2n + 1], the probability that all m balls land
in distinct bins is at most 1/e; as m increases beyond this value, the probability
drops rapidly.

3.2. The Markov and Chebyshev Inequalities

We have seen above that making statements about the probability that a random
variable deviates far from its expectation may involve a detailed, problem-specific
analysis. Often, one can avoid such detailed analyses by resorting to general
inequalities on such tail probabilities.
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We begin with the Markov inequality, a fundamental tool we will invoke
repeatedly when we develop more sophisticated bounding techniques. Let X
be a discrete random variable and f(x) be any real-valued function. Then the
expectation of f(X) is given by (see Appendix C)

E[f(X)] =) f(x)Pr[X =x].

Theorem 3.2 (Markov Inequality): Let Y be a random variable assuming only
non-negative values. Then for all t € R,

PriYy >1] < @

Equivalently,

Pr[Y > kE[Y]] <

| =

PROOF: Define a function f(y) by f(y) = 1 if y > ¢, and 0 otherwise. Then
Pr[Y > ¢] = E[f(Y)]. Since f(y) < y/t for all y,

E[f(Y)] <E [?J = @

H

and the theorem follows. O

This is the tightest possible bound when we know only that Y is non-negative
~and has a given expectation. Unfortunately, the Markov inequality by itself
is often too weak to yield useful results. The following exercise may help the
reader appreciate this; it shows that the Markov inequality is tight only for
rather uninteresting distributions.

Exercise 3.2: Given a positive integer k, describe a random variable X assuming
only non-negative values, such that

Pr[X > kE[X]] =

x| -

The following generalization of Markov’s inequality underlies its usefulness
in deriving stronger bounds.

Exercise 3.3: Let Y be any random variable and A any non-negative real function.
Show that for all t e R,

Efh(y)]

Prih(y)>t] < :
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We now show that the Markov inequality can be used to derive better bounds
on the tail probability by using more information about the distribution of the
random variable. The first of these is the Chebyshev bound, which is based
on the knowledge of the variance of the distribution; we will apply this to the
analysis of a simple randomized selection algorithm.

For a random variable X with expectation py, its variance o% is defined to
be E[(X — pux)?]. The standard deviation of X, denoted o, is the positive square
root of ¢%. (See Appendix C.)

Theorem 3.3 (Chebyshev’s Inequality): Let X be a random variable with expec-
tation iy and standard deviation ox. Then for any t € RY,

1
Pr(| X — ux| > tox] < 2

PROOF: First, note that

Pr[|X — ux| > tox] = Pr((X — ux)* > *o%].

The random variable Y = (X — puyx)? has expectation ¢%, and applying the

Markov inequality to Y bounds this probability from above by 1/¢. O

3.3. Randomized Selection

We now consider the use of random sampling for the problem of selecting the
kth smallest element in a set S of n elements drawn from a totally ordered
universe. We assume that the elements of S are all distinct, although it is not
very hard to modify the following analysis to allow for multisets. Let rs(t)
denote the rank of an element ¢ (the kth smallest element has rank k) and let
S@ denote the ith smallest element of S. We extend the use of this notation to
subsets of S as well. Thus we seek to identify Sy.

In Step 1 (see following page), we sample with replacement: for instance, if
an element s of S is chosen to be in R on the first of our n** drawings, the
remaining n*/* — 1 drawings are all as likely to pick s again as any other element
in S. This style of sampling appears to be wasteful, but we employ it here
because it keeps our analysis clean. Sampling without replacement would result
in a marginally sharper analysis, but in practice this may be slightly harder to
implement: throughout the sampling process, we would have to keep track of
the elements chosen so far.

Figure 3.1 illustrates Step 3, where small elements are at the left end of the
picture and large ones at the right. Determining (in Step 4) whether Sy) € P is
easy since we know the ranks rs(a) and rs(b) and we compare either or both of
these to k, depending on which of the three if statements in Step 4 we execute.
The sorting in Step 5 can be performed in O(n**logn) steps.
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Algorithm LazySelect:

Input: A set S of n elements from a totally ordered universe, and an integer &
in [1,n].

Output: The kth smallest element of S, Sy,.

1. Pick n®* elements from S, chosen independently and uniformly at random
with replacement; call this muitiset of elements R.

2. SortR in O(na/4 log n) steps using any optimal sorting algorithm.

3. Let x = kn™"/%. For ¢ = max{|x — /n|. 1} and h = min{[x + \/n],n%*}, let
a = Ry and b = Ry,. By comparing a and b to every element of S, determine
rs(a) and rs(b).

4. iftk<n'" thenP ={y eS|y <b};
else ifk>n—n"" letP={ycS|y=a};
else ifke[n n—n/letP={yeS|a<y<b};

Check whether Sy, € P and |P| < 4n®/* + 2. If not, repeat Steps 1-3 until such
a set P is found.

5. By sorting P in O(|P|log[P|} steps, identify Py_s(+1), which is Sy,.

\ L S H

Elements of R

Figure 3.1: The LazySelect algorithm.

Thus the idea of the algorithm is to identify two elements a and b in S such
that both of the following statements hold with high probability:

1. The element Sy that we seek is in P.

2. The set P of elements between a and b is not very latge, so that we can sort P
inexpensively in Step 5.

We examine how either of these requirements could fail. We focus on the most
interesting case when k € [n'/4,n—n!/4], so that P = {y € S | a < y < b};
the analysis for the other two cases of Step 4 is similar and in fact somewhat
simpler.

If the element a is greater than Sy, (or if b is smaller than St)), we fail because
P does not contain Sy). For this to happen, fewer than # of the samples in
R should be smaller than Sy, (respectively, at least h of the random samples
should be smaller than Sy)). We will bound the probability that this happens
using the Chebyshev bound.
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33 RANDOMIZED SELECTION

The second type of failure occurs when P is too big. To study this, we define
k, = max{1,k —2n**} and k;, = min{k + 2n**%,n}. To obtain an upper bound on
the probability of this kind of failure, we will be pessimistic and say that failure
occurs if either a < Sy,) or b > Sy,). We prove that this is also unlikely, again
using the Chebyshev bound. Before we perform this analysis, we establish an
important property of independent random variables. Recall the definition of a
joint density function p(x, y) for random variables X and Y (Definition C.9).

» Definition 3.1: Let X and Y be random variables and f(x, y) be a function of
two real variables. Then,

E[f(X,Y)] = f(xyp(x, ).
X,y

For independent random variables X and ¥ we have from Proposition C.6

E[XY] = E[X]E[Y]. (32)

Lemma 34: Let X1, X,...,Xn be independent random variables. Let X =
S, X, Then o} = Sty 0%,

pROOF: Let y; denote E[X;], and p = 3_7; p;.. The variance of X is given by

E[(X — ] = E[(Z(Xi — w))’l.

i=1

Expanding the latter and using linearity of expectations, we obtain

E[(X — ] =Y E[Xi— )] +2 > ENX: — p)(X; — py)l-
a i=1 i<j

Since all pairs X;, X; are independent, so are the pairs (X; — ), (X; — ).
By (32), each term in the latter summation can be replaced by E[(X; — w)]
E[(X; — u;)]. Since E[(X; — )] = E[X;] — u; = 0, the latter summation vanishes.
It follows that

E[(X — ) =Y ElXi—p)l=) 0%
i=1 i=1

|

As in the analysis of RandQS in Chapter 1, we measure the running time of
LazySelect in terms of the number of comparisons performed by it.

Theorem 3.5: With probability 1 — O(n'/4), LazySelect finds Sy) on the first
pass through Steps 1-5, and thus performs only 2n + o(n) comparisons.

PROOF: The time bound is easily established by examining the algorithm; Step 3
requires 2n comparisons, and all other steps perform o(n) comparisons, provided
the algorithm finds Sy on the first pass through Steps 1-5. We now consider
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the first mode of failure listed above: a > Sy because fewer than ¢ of the
samples in R are less than or equal to Sy (so that Sy ¢ P). Let X; = 1 if the
ith random sample is at most Sy, and 0 otherwise; thus Pr[X; = 1] = k/n, and
PriX;=0] =1—k/n Let X = Z{‘Z; X; be the number of samples of R that
are at most Sy). Note that we really do mean the number of samples, and not
the number of distinct elements. The random variables X; are Bernoulli trials
(Appendix C): each may be thought of as the outcome of a coin toss. Then,
using Lemma 3.4 and the variance of a Bernoulli trial with success probability p

kn3/4
Ux =

= kn~V/*
n 2

3/4
= (5) (15 <

This implies that oy < n*%®/2. Applying the Chebyshev bound to X,

and

Pr{lX — x| = /il < Pr[IX — x| = 20'%05] = O(n™4).
An essentially identical argument shows that
Prib < S(k)] =0 (n_1/4>,

Since the probability of the union of events is at most the sum of their probabil-
ities, the probability that either of these events occurs (causing Sy to lie outside
P)is O(n/4).

Now for the second mode of failure ~ that P contains more than 4n%/* + 2
elements. For this, the analysis is very similar to that above in studying the first
mode of failure, with k, and k;, playing the role of k. The analysis shows that
Prla < Sg,)] and Pr[b > S,)] are both O(n™"/#) (the reader should verify these
details). Adding up the probabilities of all of these failure modes, we find that
the probability that Steps 1-3 fail to find a suitable set P is O(n™/%). O

Exercise 3.4: The failure probability can be driven down further at the expense of
increased running time. For a suitable definition of the o(n) term, give an upper
bound on the probability that the algorithm does not find Sy, in cn + o(n) steps for
c>2.

Exercise 3.5: Theorem 3.5 tells us that the probability that LazySelect terminates in
2n + o(n) steps goes to 1 as n — o. Suggest a modification in the algorithm that
brings the constant in the linear term down to 1.5 from 2. We will refine this further
in Problem 4,15,

This adds to the significance of LazySelect: the best known deterministic
selection algorithms use 3n comparisons in the worst case and are quite com-
plicated to implement. Further, it is known that any deterministic algorithm for
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finding the median requires at least 2n comparisons, so we have a randomized
algorithm that is both fast and has an expected number of comparisons that is
provably smaller than that of any deterministic algorithm. The high probability
bound of the previous exercise can be easily converted into a bound on the
expected running time:

Exercise 3.6: Show that as a direct corollary of Theorem 3.5, the expected running
time of the LazySelect algorithm is 2n + o(n).

Consider what happens when we modify LazySelect to be recursive as follows:
in Step 5, instead of sorting P we recursively use LazySelect to find Py, (a)+1).
In this recursive version, the size of the candidate set P in which we are seeking
S is shrinking as the recursion proceeds. Using our analysis we can prove
that at a typical stage of recursion the probability of failure at that stage is
O(JP[~'/4). But |P| is diminishing, so that this probability of failure is rising
as the algorithm proceeds! Thus, when the candidate set is down to a constant
size, for instance, the failure probability is up to a constant and there is very
little we can do about it. This is a fundamental barrier, not a weakness of our
analysis. This is a typical problem with recursive randomized algorithms, and
rears its head again in parallel randomized algorithms (where we always try to
break a problem into smaller sub-problems) as well. A standard solution is to
stop the recursion when the problem size is down to a certain size, and switch
to a different, more expensive but deterministic technique — as we did by sorting
in Step 5 of LazySelect.

. 3.4. Two-Point Sampling

We have so far been making use of the fact that the variance of the sum of
independent random variables equals the sum of their variances. In fact, we can
make a stronger statement. Let X and Y be discrete random variables defined
on the same probability space. The joint density function of X and Y is the
function

p(x,y) =Pr[{X = x} N {Y = y}].
Thus Pr[Y = y] = 3, p(x,y), and

p(x,y)
Pr[X = Y =y]=—"—""—.
r[X = x| = by =1

These definitions extend to a set X;, X»,... of more than two random variables.
Such a set of random variables is said to be pairwise independent if for all i # j,
and x, y € R,

Pl'[X,' =X | Xj = y] = Pr[Xi = X]‘.
We will use the result from the following exercise.
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Exercise 3.7: Let n be a prime number and Z, denote the ring of integers modulo
n. For a and b chosen independently and uniformly at random from Z,, let Y; =
ai +b mod n. Show that for i # j (mod n), Y; and Y; are uniformly distributed on
Z, and pairwise independent. (Make use of the fact that in the field Z,, given fixed
values for y; and y;, we can solve y; = ai+b (mod n) and y; = aj-+b (mod n) uniquely
for a and b.)

The following exercise is similar to Lemma 3.4.

Exercise 3.8: Let Xy, X5,..., X,, be pairwise independent random variables, and X =
>oi Xi. Show that 62 =37 0% .

1=1

We now consider an application of these concepts to the reduction of the
number of random bits used by RP algorithms (see Definition 1.8). Consider
an RP algorithm A for deciding whether input strings x belong to a language
L. Given x, A picks a random number r from the range Z, = {0,...,n — 1},
for a suitable choice of a prime n, and computes a binary value A(x,r) with the
following properties:

e If x € L, then A(x,7) =1 for at least half the possible values of r.
o If x ¢ L, then A(x,r) = 0 for all possible choices of r.

For a randomly chosen r, A(x,r) = 1 is conclusive proof that x € L, while
A(x,r) =0 is evidence that x ¢ L.

For any x € L, we refer to the values of r for which A(x,r) = 1 as witnesses
for x; clearly, at least n/2 of the n possible values of r are witnesses. Of course,
for x ¢ L, there are no witnesses at all. The definition allows different x € L
to have different sets of witnesses. Generally, n will be too large for us to test
efficiently all the n potential witnesses for a given input x. However, for any
x € L, a random choice of r is a witness with probability at least 1/2.

The fear is that x € L but the randomly chosen value of r yields A(x,r) = 0.
However, we can drive down this probability of incorrectly classifying x by
picking ¢ > 1 values ry,...,r, independently from the range Z,, and computing
A(x,r;) for all of them — in other words, by performing ¢ independent iterations
of the algorithm A4 on the same input x. If for any i we obtain A(x,r;) = 1, we
declare that x is in L, else we declare that x is not in L. By the independence
of the trials, we are guaranteed that the probability of incorrectly classifying an
input x € L (by declaring that it is not in L) is at most 2.

Choosing ¢ independent random numbers is expensive in that it requires
Q(¢logn) random bits. Suppose instead that we are only willing to use O(logn)
random bits. In particular suppose that we wish to use only two independent
samples from Z,. For a,b chosen independently from Z,, the naive usage of a
and b as potential witnesses, i.e., computing A(x,a) and A(x,b), yields an upper
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bound of only 1/4 on the probability of incorrect classification. Here is a better
scheme: let r; = ai + b mod n, and compute A(x,r;) for 1 <i < t. As before, if
for any i we obtain A(x,r;) = 1, we declare that x is in L, else we declare that x
is not in L. What is the probability of incorrectly classifying any input x? We
show that this probability is much smaller than 1/4.

We need to worry about the possibility of making error only in the case
where the input x is in L. Our analysis will be insensitive to the actual values
of r in Z, which are witnesses for x; we will only rely on the fact that at least
half the values of r are witnesses. Clearly A(x,r;) is a random variable over the
probability space of pairs a and b chosen independently from Z,. By the result
of Exercise 3.7, the random r;’s are pairwise independent and, therefore, so are
the random variables A(x,r;), for 1 <i <t Let Y = 3_; A(x,r;). Assuming
that x € L, E[Y] > t/2 and 6% < t/4, or oy < /t/2. The probability that the
pairwise independent iterations produce an incorrect classification corresponds
to the event {Y =0}, and

Pr[Y =0] < Pr[|Y — E[Y]| = ¢/2].

By the Chebyshev inequality, the latter is at most 1/¢. Thus, the error probability
is at most 1/t, which is a considerable improvement over the error bound of 1/4
achieved by the naive use of a and b. This improvement is sometimes referred
to as probability amplification.

For a random variable X with expectation uy, we define the kth central
moment to be & = E[(X — ux)*], if it exists (Appendix C). For example, the
variance is the second central moment.

Exercise 3.9: The use of the variance of a random variable in bounding its deviation
from its expectation is called the second moment method. In an analogous fashion,
we can speak of the kth moment method: let k be even, and suppose we have a
random variable X for which u% = E[(X — ux)¥] exists. Show that
1
) Pl‘[|X—llx|>t\k/ll)’§]St—kw

Why is the kth moment method difficult to invoke for odd values of k?

The second moment method is generally useful for a random variable X if
ox is o(pix). In 2 manner similar to “two-point” sampling (the name comes from
the independent choice of two points a and b from which the r; are derived), one
can speak of k-point sampling for k > 2. The reader is referred to Appendix C
for a further discussion of k-wise independence.

3.5. The Stable Marriage Problem

Consider a society in which there are n men (denoted by capital Ietters
A,B,C, ..) and n women (denoted by a,b.c...). A marriage M is a 1-1 correspon-

53



